An algebraic construction of quantum 
flows with unbounded generators 



Alexander C.R. Belton 

Department of Mathematics and Statistics 
Lancaster University, United Kingdom 

a.belton@lancaster.ac.uk 



Stephen J. Wills 

School of Mathematical Sciences 
University College Cork, Ireland 

s.wills@ucc.ie 



18th September 2012 



Abstract 



^ I It is shown how to construct *-homomorphic quantum stochastic Feller cocycles for cer- 

D , tain unbounded generators, and so obtain dilations of various strongly continuous quantum 

■ dynamical semigroups on C* algebras. The construction is possible provided the generator 

satisfies an invariance property for some dense subalgebra Aq of the C* algebra A and obeys 
the necessary structure relations; the iterates of the generator, when applied to a generating 
set for Ao, must satisfy a growth condition. Furthermore, either the subalgebra Ao is gen- 
erated by isometrics and A is universal, or Ao contains its square roots. These conditions 
are verified in three cases: the symmetric quantum exclusion processes, as introduced by 
ReboUedo, and flows on the non-commutative torus and the universal rotation algebra. 

Key words: quantum dynamical semigroup; quantum Markov semigroup; CPC semigroup; strongly 
continuous semigroup; semigroup dilation; Feller cocycle; higher-order Ito product formula; quantum 
exclusion process; quantum Markov chain 

MSC 2000: 81S25 (primary); 46L53, 46N50, 47D06 (secondary). 
1 Introduction 

In this paper we develop new techniques for solving the Evans-Hudson quantum stochastic 
differential equation (QSDE) 

djt=Jto0dAt, (1.1) 

where Jt is an ampliation of the map jt, which acts on some C* algebra A. We obtain 
*-homomorphic solutions to the QSDE and establish that the process {jt)t^o is a quantum 
stochastic Feller cocycle. That is, it gives a Feynman-Kac perturbation of the free evolution 
of the surroundings, here modelled by the shift semigroup {crt)t^o associated to the algebra of 
all bounded operators on T, the symmetric Fock space over L^(]R+; k); it satisfies the evolution 
equation 

js+t = Us ^ °crsO jt (1.2) 

for all s, t ^ 0, where k is the multiplicity space of noise. The process j can thus also be viewed 
as the Markov process associated to a quantum dynamical semigroup {Tt)t^o on A. This is a 
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semigroup of completely positive maps on A which j dilates, in the sense that = E o for 
all t ^ 0, where E is the vacuum conditional expectation onto the subsystem A obtained by 
averaging out the effects of the noise. 

The use of quantum stochastic calculus to produce such dilations has now been studied for 
nearly thirty years. Most results, by Hudson and Parthasarathy, Fagnola, Mohari, Sinha et 
cetera, are obtained in the case that A = B{h) by first solving an operator-valued QSDE, 
the Hudson-Parthasarathy equation, to obtain a unitary process U, and defining j through 
conjugation by U; see [8] and references therein. The corresponding theory from the Heisenberg 
viewpoint, solving the Evans-Hudson equation p.ip . has mainly been developed under the 
standing assumption that the generator (f) is completely bounded, which is necessary if the 
corresponding semigroup T is norm continuous [16j. When one deviates from this assumption, 
which is analytically convenient but very restrictive, there are few results. The earliest general 
method is due to Fagnola and Sinha [9], with later results by Goswami, Sahu and Sinha for 
a particular model [T2] and a more general method developed by Goswami and Sinha in [23j. 
Another approach based on semigroup methods has yet to yield existence results for the Evans- 
Hudson equation: see |T] and [20j . 

Our method here has an attractive simplicity, imposing minimal conditions on the generator (p. 
It must be a *-linear map 

(/) : A ^ Ao(^B{C®k), 

where Aq is a dense *-subalgebra of the unital C* algebra A C B(h) which contains 1 = Ih. This 
incorporates an assumption that, if (p is viewed as a matrix of maps, its components leave 
invariant, a hypothesis also used in [9]. Furthermore, (j) must be such that = and the 
first-order ltd product formula holds: 

^{xy) = ^{x){y (g> 1^) + {x0 l|^)0(y) + 0(x)A0(y) for all x, y G A, (1-3) 

where k := C © k and A G Aq B{k) is the orthogonal projection onto h © k. Both these 
conditions are known to be necessary if (p is to generate a family of unital *-homomorphisms. 
Finally, a growth bound must be established for the iterates of (j) applied to elements taken from 
a suitable subset of Aq. 

Our approach is an elementary one, relying on familiar techniques such as representing the 
solution to the Evans-Hudson QSDE as a sum of quantum Wiener integrals. An essential 
tool is the higher-order Ito product formula, presented in Section [5J This formula was first 
stated, for finite-dimensional noise, in [6|, was proved for that case in [T3] and reached its 
definitive form in [19j. In that last paper it was shown that (|1.3p is but the first of a sequence 
of identities that must be satisfied in order to show that the solution j of the QSDE is weakly 
multiplicative. However, there are many situations in which the validity of (jl.3p implies that 
the other identities hold [19] Corollary 4.2], and this is the case for (p as above. Moreover, one 
of our main observations. Corollary 12. IH is that this product formula also allows us to utilise 
pointwise bounds at individual elements to provide a bound at their product; in this way, one 
need only establish these bounds for a *-generating set of Aq; this is a major simplification on 
the approach in [9]. Also, by using the coordinate-free approach to quantum stochastic analysis 
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given in ^Kj, we can take k to be any Hilbert space, rather than insisting that k be finite 
dimensional, as in [9]. 

The growth bounds obtained Section [2] are employed in Section [3] to produce a family of weakly 
multiplicative *-linear maps from the algebra into the space of linear operators in h 
with domains which include h(^£. It is shown that these maps extend to give a *-homomorphic 
cocycle in two distinct situations. Theorem l3.9| which includes the case of AF algebras, exploits 
a square-root trick that is well known in the literature; Theorem 13. 121 which applies to universal 
C* algebras such as the non-commutative torus or the Cuntz algebras, is believed to be novel. 
Uniqueness of the solution is proved, and it is also shown that j is a cocycle, i.e., it satisfies (|1.2|) . 
At this point we see another novel feature of our work in contrast to previous results, all of which 
start with a particular quantum dynamical semigroup T. In these other papers the generator r 
of T is then augmented to produce (p, and the QSDE solved to give a dilation of (j). For example, 
in it is assumed that T is an analytic semigroup and that the composition of r with the other 
components of (j) is well behaved in a certain sense; in [23] it is assumed that T is covariant 
with respect to some group action on A. For us, the starting point is the map (p, which yields 
the cocycle j, and hence, by compression, a quantum dynamical semigroup T that, a fortiori, is 
dilated by j. Thus we do not have to check that r is a semigroup generator with good properties 
at the outset, thereby rendering our method easier to apply. 

Theorem l3.9l is employed in Section [J] to produce a dilation of the symmetric quantum exclusion 
semigroup. This object was introduced by Rebolledo [21] and has generated much interest: 
see [llj and [TU]. This example, in common with previous work on processes arising in quantum 
interacting particle systems {e.g., [12]) requires k to be infinite dimensional. 

In Section [5] we use Theorem 13.121 to obtain fiows on some universal C* algebras, namely the 
non-commutative torus and the universal rotation algebra [2]. Quantum flows on these algebras 
have previously been considered by Goswami, Sahu and Sinha [T2] and by Hudson and Robinson 
[11], respectively. 

1.1 Conventions and notation 

The quantity := is to be read as 'is defined to be' or similarly. The quantity Ip equals 1 if 
the proposition P is true and if P is false, where 1 and are the appropriate multiplicative 
and additive identities. The set of natural numbers is denoted by N := {1,2,3,...}; the set 
of non-negative integers is denoted by := {0,1,2,...}. The linear span of the set S in 
the vector space V is denoted by linS"; all vector spaces have complex scalar field and inner 
products are linear on the right. The algebraic tensor product is denoted by 0; the Hilbert- 
space tensor product is denoted by (8>, as is the ultraweak tensor product. The domain of the 
linear operator T is denoted by dom(T). The identity transformation on the vector space V 
is denoted by ly. If P is an orthogonal projection on the inner-product space V then the 
complement P-*- := ly — P, the projection onto the orthogonal complement of the range of P. 
The Banach space of bounded operators from the Banach space Xi to the Banach space X2 
is denoted by B{Xi; X2), or by 13{Xi) if Xi and X2 are equal. The identity automorphism on 
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the algebra A is denoted by t_4. If a and b are elements in an algebra A then [a, b] := ab — ba 
and {a,b} := ab + 5a denote their commutator and anti-commutator, respectively. If is a 
*-algebra, Hi and H2 are Hilbert spaces and a : Aq — )• ;B(Hi; H2) is a linear map then the adjoint 
map : ^0 — ^ ^{^2; Hi) is such that a^{a) := a{a*)* for all a G ^o- 

2 A higher-order product formula 

Notation 2.1. The Dirac bra-ket notation will be useful: for any Hilbert space H and vectors 
X e H, let 

|H):=^(C;H), |0 : C ^ H; A ^ (ket) 
and (H|:=^(H;C), {x\ : H ^ C; v ^ {x, v) (bra). 

In particular, we have the linear map |0(xl £ ^{^) such that \C){x\v = {Xi'n)C for all r/ € H. 

Let A C ;B(h) be a unital C* algebra with identity 1 = Ih, whose elements act as bounded 
operators on the initial space h, a Hilbert space. Let ^0 ^ ^ be a norm-dense *-subalgebra 
of A which contains 1. 

Let the extended multiplicity space k := C © k, where the multiplicity space k is a Hilbert space, 
and distinguish the unit vector co := (1,0). For brevity, let B := B{k). 

Let A := 1 (g) G Ao B , where := |a;)(a;|-'- G S is the orthogonal projection onto k C k. 
Lemma 2.2. The map (j) • -^0 ~^ -^0 ®B is ^-linear, such that = and such that 

(t){xy) = (t){x){y®ly) + {x(gl\,)(t){y) + (t){x)A(t){y) for all x,y £ Aq (2.1) 
if and only if 



4>{x) 



t{x) 5^(x) 
5{x) 7r(x) — x (8) Ik 



for all X G Aq, (2.2) 



where tt : Aq ^ Aq® B{V.) is a unital *-homomorphism, 6 : Aq ^ Aq (d) \ k) is a tt -derivation, 
i.e., a linear map such that 

5{xy) = 5{x)y + 7r{x)5{y) for all x,y e Aq, 

and T : Aq — )• ^0 is a * -linear map such that 

T{xy) - T{x)y - XT{y) = 5\x)5{y) for all x,y £ Aq. (2.3) 

Proof. This is a straightforward exercise in elementary algebra. □ 

Definition 2.3. A *-linear map (/) : ^0 Aq^B such that cl){l) = and such that (|2.ip holds 

is a flow generator. 
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Lemma 2.4. Let Aq = A, let it : A ^ A^ B{k) be a unital *-homomorphism, let z G A0 \ k) 
and let h £ A be self adjoint. Define 

6 : A^ A^ B{C; k); x zx - tt{x)z 

and 

T : A ^ A; X 1-^ i[h, x] — ^{z*z, x} + z*'7r{x)z. 
Then the map cp : A ^ A^ B defined in terms of vr, 6 and r through ()2.2p is a flow generator. 

Proof. This is another straightforward exercise. □ 

Remark 2.5. Modulo important considerations regarding tensor products and the ranges of 6 
and r, the above form for (p is, essentially, the only one possible [17> Lemma 6.4]. The quantum 
exclusion process in Section S] has a generator of the same form but with unbounded z and h. 

Definition 2.6. Given a flow generator (p : Aq ^ Aq (Si B , the quantum random walk {4'n)^^2,+ 
is a family of *-linear maps 

: A ^ A ® 

defined by setting 

00 ■= i-Ao (pn+1 '■= {fpn (X" I'b) ° for all n £ Z_|_. 

The following identity is useful: if ^i, XIj Xn G k and x £ Aq then 

(Ih ^ (61 ^ • • • ^ (6|)0n(x)(lh O IXl) ® • • • ® \Xn)) = 4\ ° • • • ° 4"„(^)' (2-4) 

where 

4 : A ^ Ao; X ^ (Ih (e|)0(x)(lh ^ |x» 
is a linear map for each choice of 6 X ^ 

Remark 2.7. The article results from which will be employed below, uses a different 
convention to that adopted in Definition 12.61 the components of the product B^'^ appear in the 
reverse order to how they do above. 

Notation 2.8. Let a C {1, . . . ,n}, with elements arranged in increasing order, and denote its 
cardinality by \a\. The unital *-homomorphism 



Ao ^ A ® B^""; T ^ T{n, ( 
is defined by linear extension of the map 

Bi^ ■■■ B\a\ H> ^ Ci • • • C„ 

where 

Ci := 



Bj if i is the jth element of a, 



l-r if i is not an element of a. 

k 
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For example, if a 



{1,3,4} then 



{A (g) Bi (g) B2 (S) B3){5, a) = A(g) Bi(g)l-Q(g> B2(g) B:i(g> l^. 




A{n,a) :=(lh®Pk '"')(^'«)' 



so that, in the latter, acts on the components of k*^" which have indices in a and acts on 
the others. 

Theorem 2.9. Let (^^n)^^^^ be the quantum random walk given by the flow generator (p. For 
all n G and x, y G Aq, 



(f'nixy) = ^ (/)|„|(j;;n,a)A(n,an/3)(/)|^|(y;n,/?), (2.5) 



aU/3={l,...,n} 



where the summation is taken over all sets a and j3 whose union is {1, . . . n} 



Proof. This may be established inductively: see |191 Proof of Theorem 4.1]. 



□ 



Definition 2.10. The set S C Aq is ^-generating for Aq if ^0 is the smallest unital *-algebra 
which contains S. 

Corollary 2.11. For a flow generator (f) : Aq — )• ^0 S, let 

A^ := {x £ Aq ■■ there exist C^, > such that \\(pnix)\\ ^ C^M^ for all n £ Z+}. (2.6) 
Then A^ is a *-subalgebra of Ao, which is equal to Aq if A^ contains a ^-generating set for Aq. 

Proof. It suffices to demonstrate that A^ is closed under products. To see this, let x, y £ A^ 
and suppose Cx, and Cy, My are as in (|2.6p . Then ()2.5p implies that 



\\Mxy)\\ ^ 



^ ||0H(^)||||0l^l(y)|| 



aU/3={l,...,n} 




n 



k 



Ml 



rn—k+l 

y 





CxCy{Mx + MxMy + My) 



for all n G Z^., as required. 



□ 



6 



Lemma 2.12. // the flow generator (j) is as defined in Lemma\2.4\ then Aa, = Aq. 



Proof. This follows immediately, since 4) is completely bounded and ||(^n|| ^ ||'/'n||cb ^ ll'/'llcb 
all n G Z+. □ 

Lemma 2.13. Let 4> : Aq — )• AofiSiB be a flow generator. For all ^, x ^ ^ we have 4>^{A<j)) C A,/), 
and the series 



eM^4)--=E-^ (2.7) 

n=0 

is strongly absolutely convergent on A^f, for all z 

Proof. Suppose Un{x)\\ ^ C^M^ for all n e Z+. It follows from ([23]) that 

{\®k®^ ® (CI (2;) (lh^k®„ ® \x)) = 0„(4(^))' (2-8) 



so 



lkn(4(x))|| ^ iieiic,M;+i|ixii = (iicii \\x\\c.m^)m: 

and 4'x{x) G A^. Moreover ()2.4p also gives that 

II (4i ° • • • ° 4:) (^)ll ^ iiciii • • • iiC"ii iixiii • • • iixniic^M^, (2.9) 

hence the series ()2.7p converges as claimed. □ 
3 Quantum flows 

Notation 3.1. Let J- denote Boson Fock space over L2(]R+;k), the Hilbert space of k- valued, 
square-integrable functions on the half line, and let 

f :=lin{e(/) :/eL2(M+;k)} 

denote the linear span of the total set of exponential vectors in T. As is customary, elementary 
tensors in h (8) are written without a tensor-product sign: in other words, u£{f) := e{f) 
for all « G h and f E L"^ (M+ ; k) , et cetera. 

If / G L^{R+; k) and t ^ then f{t) := f{t), where ^ := + ^ G k for ah ^ e k. 

Given / G L^(M+; k) and an interval / C let // G L^(IR+; k) be defined to equal f on I 
and elsewhere, with f^^ := f^Q ^^ and /[^ := /[^^oo) for all t ^ 0. 

Definition 3.2. A family of linear operators {Tt)t^Q in h (S" with domains including h (g) £^ is 
adapted if 

{u£{f),Ttve{g)) = {ue{fi)),Ttve{g^)){e{f^),e{g^)) 
for ah u, V e h, f, g e -L^(M+; k) and t > 0. 
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Theorem 3.3. For allneN and T G B{h (g) k®") there exists a family A"(r) = (A^(r))^^g of 
linear operators in U J^, with domains including h (8) iS, that is adapted and such that 



{ue{f),K^{T)ve{g))= / (n /^"(t), Tt; ^^"(t)) dt (e(/), 5(5)) (3.1) 

for all u, V £ \r\, f , g £ L^(IR-|_; k) and t ^ 0. Here the simplex 

Dn{t) := {t := {ti,...,tn) G [0,t]" : ti < • • • < U 

and 

/®'^(t) := f{ti) • • • J{tn), et cetera. 
We extend this definition to include n = by setting A^(T) := T (S" Ijr for all t 0. 
If f £ L2(M+;k) then 

||AJ'(T)'ue(/)|K — 1^ ||r|| ||ue(/)|| for all t ^ and u e h, (3.2) 



/n! 

where Kf^t ■= ^(2 + 4||/||2)(t + ||/||2), and the map 

M+^S(h;h®^); t^Ar(r)(lh®|e(/))) 

is norm continuous. 

Proof. This is an extension of Proposition 3.18 of [15], from which we borrow the notation; as 
for Remark 12.71 the ordering of the components in tensor products is different but this is no 
more than a convention. For each / G L2(M+; k) define ^ so that 

c} = [\\f\\ + VT^jfff ^'^+m\\ 

and note that, by inequahty (3.21) of [15j, 

\\K-,{T)ue{f)f ^ (C;J'" / \\Tu®f^-{t)fdt\\e{f)f 



K 



It) J 

JD„{t) 

2n 



2 



^^rflM/)|| 

To show continuity, let T denote T considered as an operator on (h (gi k) (8) k^^""^-*, where the 
right-most copy of k in the n-fold tensor product has moved next to the initial space h. Then 

Ar(r)-A:(r) = Ai(i(,,,](.)A"-i(f)), 

and so, using Theorem 3.13 of |15j . 

II (Ar(r) - A:{T))ue{f)f ^ 2{t + C]) f \\K-\T){u ® f{r))e{f)f dr 

J s 

^2{t + Cj)[J^ ||/(,)||2dr-)^-i;^||rf||ne(/)f. □ 
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The family A"(T) is the n-fold quantum Wiener integral of T. 
Remark 3.4. It may be shown [19\ Proof of Theorem 2.2] that 

dom(Aj(5)*) D Ar(r)(h CS> £) 
for all l,m£Z+, S £ i3(h (g) k®0> T G ^(h (g) k^™) and t ^ 0. 

Theorem 3.5. Let (p : ~^ -^0 ®B he a flow generator. If x & then the series 

oo 

it(x):=^Ar(0„(x)) (3.3) 

n=0 

is strongly absolutely convergent on h (g /or all t ^ 0, uniformly so on compact subsets of M+ . 
The map 

R+^B{h;U0T); t ^ jtix){lu \e{f))) 
is norm continuous for all f G L^(R+; k), the family (jt(a^))j>Q is adapted and 

{ue{f),jt{x)ve{g)) = {ue{f), {xv)e{g)) + j\ue{f),js[^t^')^{x))ve{g)) ds (3.4) 

for all u, V G h, f , g £ L^(IR+; k) and t ^ 0. Furthermore, 

(Ih (S) {eif)\)jt{x){lu €D \s{g))) G A (3.5) 
/or aZZ X G /, 5 G L2(IR+; k) and t ^ 0. 

Proof. The first two claims are a consequence of the estimate ()3.2p . the definition of and 
the continuity result from Theorem 13. 3[ adaptedness is inherited from the adaptedness of the 
quantum Wiener integrals. Lemma 12.131 implies that the integrand on the right-hand side 
of ([331) is well defined and, by i^M . 

{ueif),A^{^^{^lp)))ve{g)) 

(n®7®"(t),04/g(x))i;®5®-(t))dt(e(/),e(5)) 

{u /®"(t) J{s), ^n+i{x)v ?®«(t) ® g{s)) dt{e{f),e{g))- 

integrating with respect to s then taking the sum of these terms gives (|3.4|) . For the final claim, 
note that for any /, g G L^(M_|_; k), the ^o-valued map 



(t)3t^ 4^) ° • • • ° 4tM = ® (7^"(t)i)<^„(x)(ih i5^"(t))) 
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is Bochner integrable, hence 

(lh0(e(/)|)Ar(<^n(x))(lh®|e(<7))) =e<^'^> / (^g} o • • • o 4*;)) (x) dt G A (3.6) 

^ Dn (t) 

By (|2.9p . we may sum ()3.6p over all n G Z+, with the resulting series being norm convergent, 
and so the final claim follows. □ 

Remark 3.6. For all t ^ 0, let jt be as in Theorem 13. 5[ Since (p is linear with 0(1) = 0, we 
have from ()3.4p that ji(l) = Ih®^ jt{x + y) = 3t{x) + jtiv), as operators on h (g for all 
X, y £ A^. 

Lemma 3.7. Let (j) : ~^ -^o ® B he a flow generator and let jt he as in Theorem 13.51 for 
all t ^ 0. If X, y £ A(f, then x*y £ A^, with 

{jt{x)ue{f),jt{y)ve{g)) = {ue{f),jt{x*y)ve{g)) (3.7) 

for all u, f E h and f,g£ L^(M+; k). In particular, if x £ A,j) then jt{x)* 5 jt{x*). 

Proof. As A(j) is a *-algebra, so x*y £ A^. Let N £ Z+ and note that, by |19i Theorem 2.2], 

TV 27V 

h't{Ux)yK{<i>m{y)) = ^Ar(</'„,iv](x*2/)) onh®8, (3.8) 

/,m=0 n=0 

where 

(t)n,N\{x*y) ■■= ^ (/)|„|(x*;n,a)A(n,an/3)(/)|^|(y;n,/3). 

aU,9={l,...,n} 

\al\P\<.N 

Working as in the proof of Corollary 12.111 yields the inequality 

Un,N]{X*y)\\ ^ C^*Cy{M,, + M^*My + MyT, 

and so, by (|3.2p . 



K';'.{M^* +M^*My + MyY 
\{ue{f),K^{K^N^{x*y))ve{g))\^^^^ ^-^ C^.Cy\\ue{f)\\\\ve{g)\\. (3.9) 



As (h„ 

,N] — (pn n ^ {0, 1, • • • , N}, it follows that 

N 

{jt{x)ue{f),jt{y)ve{g)) = lim ^ (ne(/), Aj(<AK^))*Ar(</'™(2/))^^6(5)> 



iV-j-oo 



hm V(n£(/),Ar(</)„(x*y))t;e(5)) 



n=0 

2Ar 



+ lim ^ (ue(/),AJ^((/)„,^](x*y))7;e((7)) 



7V-i>oo 

n=N+l 



= {ue{f),jt{x*y)ve{g)), 

since the final limit is zero by p.9p . □ 
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Lemma 3.8. If Acf, is dense in A then there is at most one family of *-homomorphisms {jt)t^o 
from A to B{h (§) such that Jt{x)\h^£ = jt{x) for all x E Acp and t ^ 0, where jt{x) is as 
defined in Theorem \3.5[ 



Proof. Suppose that j*-^-* and j^'^^ are two families of *-homomorphisms from A to B(h J^) 
such that jl:^\x)\h^£ = jt{x) for i = 1, 2. Set kt ■= jf^'^ — jf^ and note that, from ()3.4p . we 
have that ^ 

{ueU),h{x)ve{g)) = ^ (ne(/), A;, (<A|g(x))T;e(<7)) ds 

for all «, f G h, /, (7 G L^(M_|_; k) and x G A^. Iterating the above, and using the fact that 
\\kt\\ ^ 2 for all t ^ 0, we obtain the inequality 

\{ue{f)Mx)ve{g))\^'^ [ ll^],*^^} o • • • o <^|];;;}(x)|| dt llue^^ 

J Dn{t) 



However ()2.9p now gives that 

\{ue{f),h{x)vem ^ 2C ^ "l'^*)^'!"^*)"^ ||^^(/)|| \\ye{g)l 

and the result follows by letting n — )• oo. □ 

Theorem 3.9. Let cj) : Aq ^ Aq ® B he a flow generator and suppose Aq contains its square 
roots: for all non-negative x G the square root x^/"^ lies in Aq. If A^ = Aq then, for 
all t ^ 0, there exists a unital *-homomorphism 

jt.A^B{h0 F) 

such that jt{x) = jt{x) on h £ for all x G Aq, where jt{x) is as defined in Theorem\3, 



Proof. Let x & Aq and suppose first that x ^ 0. If y := (||x||l — x)^/^, which lies in Aq by 
assumption, then Lemma 13.71 and Remark 13.61 implv that 

^ \\3t{y)of = {e,jt{y^)e) = \\x\\ \\ef - {e,jtix)e) for an g h ^ 

If X is now an arbitrary element of it follows that 

\\jt{x)9f = {e,jt{x*x)e) ^ \\ef = \\xf\\ef. 

Thus jt{x) extends to £ B{h T), which has norm at most ||x||, and the map 

Ao B{h (g) J"); X H> jt{x) 
is a *-linear contraction, which itself extends to a *-linear contraction 

jt : A^ B{h^T). 
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Furthermore, if x, y G a-nd 9, £ h <^ £ then, by Lemma [221 

{0Jtix)Uy)C) = {3t{x*)e,j{y)C) = {jt{x*)e,jtiyK) = {O,jtixy)0 = {Ojt{xy)C), 

so jt is multipHcative on ^o- An approximation argument now gives that jt is multipHcative on 
the whole of A. □ 

Remark 3.10. If A is an AF algebra, i.e., the norm closure of an increasing sequence of finite- 
dimensional *-subalgebras, then its local algebra the union of these subalgebras, contains 
its square roots, since every finite-dimensional C* algebra is closed in A. 

Definition 3.11. The unital C* algebra A has generators {oj : z G /} if ^ is the smallest unital 
C* algebra which contains {oj : i G I}. These generators satisfy the relations {pk ■ k £ K} if 
each Pk is a complex polynomial in the non-commuting indeterminate {Xi,X^ : i £ I) and, for 
all k £ K, the algebra element pk{ai,a* : i £ I), obtained from pk by replacing Xi by Oj and X* 
by a* for all i £ I, is equal to 0. 

Suppose A has generators {ai : i £ 1} which satisfy the relations {pk ■ k £ K}. Then A is 
generated by isometries if {X*Xi — 1 : i £ 1} CI {p^ : k £ K} and is generated by unitaries 
if {X*Xi — 1, XiX* — 1 : i G /} C {pj^ : k £ K}. The algebra A is universal if, given any unital 
C* algebra B containing a set of elements {hi : i £ /} which satisfies the relations {pk '■ k £ i^}, 
i.e., pkihi,h* : i £ I) = Q for all k £ K, there exists a unique *-homomorphism n : A^ B such 
that 7r(aj) = 6j for all i £ I. 

Theorem 3.12. Let A be the universal C* algebra generated by isometries {si : i £ 1} which 
satisfy the relations {pk ■ k £ K}, and let Aq be the *-algebra generated by {si : i £ I}. 
If (p : ^0 ~^ -^0 ® B is a flow generator such that A^ = Aq then, for all t ^ 0, there exists a 
unital *-homomorphism 

jt-.A^ B{h ^ F) 

such that jt{x) = jtix) onh ® £ for all x £ Aq, where jt{x) is as defined in Theorem \3.5l 

Proof. Remark 13.61 and Lemma 13.71 implv that jt{si) is isometric and that jt{s*) is contractive 
for all i £ I. Repeated application of (|3.7|) then shows that jt{x) is bounded for each x £ Aq, 
and that jt extends to a unital *-homomorphism from to B(h (8) J~). Furthermore, the 
set {jt{si) : i £ 1} satisfies the relations {pk '■ k £ K} so, by the universal nature of A, there 
exists a *-homomorphism tt from A into B(h <^ T) such that 7r(sj) = it{si) for all i G / and 
:= vr is as required. □ 

Corollary 3.13. The family {jt '■ A ^ B{\\ (8> F))^^^ constructed in Theorems 13.91 and \3.1^ is 
a strong solution of the QSDE (jl.ip . 

Proof. Fix X £ A^ and let 

Lt ■■=<y{{3t®L-B){(t>{x))) 
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for all t ^ 0, where a : B(h k) B(h k J^) is the automorphism that swaps the last 
two components of simple tensors. If / S L^(M+; k) then 

||Ltn»/(t)®e(/)K||0(x)||||/(t)||||n£(/)||, 

so if 1 1— Ltu®f{t)®e{f) is strongly measurable then 1 1— )• is quantum stochastically integrable 
[151 p. 232] and j satisfies the QSDE in the strong sense, since we already have from ()3.4p that 
it is a weak solution. 

Now, Theorem 13.51 implies that for each x G A(f) = Aq and 6 ^ \\ ® £■ the map t i— t- jt{x)9 is 
continuous, hence so is 

t^{jt(E) iB){y (^T){e®0 = 3t{y)0 ® n 

for all y £ Ao, T £ B(k) and ^ G k. As = ||0(x)|| for ah t ^ 0, it follows that t ^ Lt and 
t ^ LI are strongly continuous on h (g) k (gi J^. Hence t^Lt{u® f{t)® e(/)) is separably valued 
and weakly measurable, so Pettis's theorem gives the result. □ 

Remark 3.14. Property ([33]) implies that the homomorphism jt given by Theorems 13.91 
and 13.121 takes values in the matrix space A ®m B{F). 

Notation 3.15. For all t^O, f, g £ L'^{R+; k) and a £ A, let 

jt[f,9]{a) := {h^{e{ft))\)jt{a){lu^\e{gt)))). 

Theorem 3.16. The family of *-homomorphisms {jt)t^o given by Theorems \3.9\ and \3.12\ forms 
a Feller cocycle [18, Section 2.4] for the shift semigroup on B{J-): for all s, t ^ 0, f , g G 
L2(M+; k) and a £ A, 

(i) Jo[0,0](a) =a, 

(ii) jt[f,g]{a)eA, 

(iii) i I— )• [/, I?] (a) is norm continuous 

and (iv) 3s+t[f,9]=3s[f,g]ojt[f{- + s),g{-+s)]. 

Consequently, setting 

Tt{a) :=ji[0,0](a) = (ih ® (e(0)|)jt(a) (ih |e(0))) for all a e A 

gives a strongly continuous semigroup T = {Tt)t^o of completely positive contractions on A such 
that Tt{x) = eyi'p{t(j)^){x) for all x G (^''^d t ^ 0. In particular, Tt{l) = 1 for allt^O and Aq 
is a core for the generator ofT. 

Proof. Properties (i) and (ii) are immediate consequences of ()3.4p and ()3.5p respectively. For 
(iii), note that ii x ^ Aq and f,g^ L^(M+; k) then Theorem 13.51 implies that 



t^jt[f,g]{x) = {lh^{e{f)\)jt{x){lhCS\e{g)))exp(- / {f{s),g{s))ds 



oo 
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is norm continuous; the general case follows by approximation. 

In order to establish (iv), fix s ^ and continuous functions f,g£ k), and let 

Jt ■■= 3s[f,9] ° Jtifi- + s),g{- + s)] for all t ^ 0. 
We will show that Jt = Js+t[f,g]- 
First note that for any x £ Aq and t > 0, the map 

F:[0,t]^A; r ^ >[/(• + s),g{- + s)]{(pl'^l^'^{x)){e{fi,+r,s+t)),£{9ls+r,s+t))) 
is continuous, hence Bochner integrable, and so 

x{e{f[s,s+t)),£{9ls,s+t))) + [ F{r)dr G A. 

Jo 

By the adaptedness of jt{x) and ([32 

rt 



{u,(^x{e{fl,^,+t)),e{gl,^,_^.t))) + F{r)dr^v) 
= {u,xv){e{f{- + s)t)),e{g{- + s)t))) 



+ {ueifi- + s),)),>(0|{;+^}(x))t;£(5(- + s)r)){e{f{- + s)[r,t)),e{g{- + s)[r,t))) 

= {ue{f{- + s)t))Jt{x)v£{g{- + s)^))) 
= {ujt[f{- + s),gi- + s)]{x)v). 
Consequently, 

{u,Jt{x)v) = {u,js[f,g](.x)v){e{fis,s+t)),£{9[s,s+t))) 

rt 

+ {uJs[f,g]°Jr[fi- + s),g{-+s)]{^'l^l^l}^{x))v){£{f[s+r,s+t)),£{9[^^^^^ 

= {u, Js [f, g] {x)v) ) ' ^i9[s,s+t))) 

rt 

+ {u, Jr{^(\.^'Jj{x))v){e{f[s+r,s+t)), e{9[s+r,s+t))) dr. 

On the other hand, by ()3.4p . 
{ujs+t[f,g]{x)v) = (n,xu)(e(/,+t)),e(5^+t))) + ^ Jr(</'|(^) (a:))ve(fir,+t))) dr 

+ / We{fs+t)),jr{(l)lll]ix))ve{g,+t^))dr 

J s 

ft ^ 

= {ue{f,+t)),js(.x)ve{g,+t))) + {ue{f,_^t))Jq+s{(plll'll]{x))ve{g,+t)))dq 

= {u, Js if, g] {x)v) (e(/[s,s+t) ) ' £i9ls,s+t))) 
i-t 

+ {u, jq+s [/, g] {mm] {x))v) {e{f[s+q,s+t) ) , e{g[s+q,s+t) ) dq. 



dr 



dr 
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Now set Kt := Jt - js+t[f,9], so that 

{n,Kt{x)v) = j\u,Kr{ct>m']^{x))v) G(r)dr, 

where G : r ^ {^{f[s+r,s+t)),^{9[s+r,s+t))) is continuous. As 

ll^tll ^ 2exp(i(||/||2 + ||5||2)) for all t ^ 0, 

iterating the above and estimating as in the proof of Lemma 13.81 gives that K = {). The density 
of ^0 in and of continuous functions in (M+ ; k) now gives (iv) . 

That r is a semigroup follows from this cocycle property (iv): note that 

Ts+t = 3s+t [0,0]= % [0, 0] o -Jt [0, 0] = T, o Tt for all s, t ^ 0. 

Contractivity, complete positivity and strong continuity of T are immediate; the exponential 
identity holds because 

{u,Tt{x)v) = {u,xv)+ [ (n,T,(C(x))?;)ds (3.10) 

Jo 

for all n, f G h, i ^ and x £ Aq, by ()3.4p . That is a core for the generator of T follows 
from Lemma 12.131 and [3, Corollary 3.1.20]. □ 

Remark 3.17. A *-homomorphic Feller cocycle as in Theorem l3.16l is called a quantum flow; a 
strongly continuous semigroup {Tt)t^Q of completely positive contractions is known as a quantum 
dynamical semigroup, and the condition Tj(l) = 1 for all t ^ means that the semigroup is 
conservative; conservative quantum dynamical semigroups are also known as quantum Markov 
semigroups. Hence Theorem 13 . 1 6 1 gives the existence of a quantum flow which dilates a quantum 
Markov semigroup on the C* algebra A. 

4 The symmetric quantum exclusion process 

This section was inspired by Rebolledo's treatment of the quantum exclusion process: see |21|, 
Examples 2.4.3 and 4.1.3]. 

Definition 4.1. Let / be a non-empty set. The CAR algebra is the unital C* algebra A with 
generators {6, : z G /}, subject to the anti-commutation relations 

{bi,bj} = and {bi,b*} = for all i, j € /. (4.1) 

It follows from (j4.1|) that the bi are nonzero partial isometries for all i £ I. 

As is well known Proposition 5.2.2], A is represented faithfully and irreducibly on (^^(/)) , 
the Fermionic Fock space over i'^{I); in other words, we may (and do) suppose that A C B{h), 
where h := J^_(£^(/)), and the algebra identity 1 = Ih. 
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Remark 4.2. The elements of / may be taken to correspond to sites at which Fermionic 
particles may exist, with the operators 6, and b* representing the annihilation and creation, 
respectively, of a particle at site i. 

Notation 4.3. Let be the unital algebra generated by {bi,b* ■ i G /}; by definition, this is 
a norm-dense unital *-subalgebra of A. 

Lemma 4.4. For each x G there exists a finite subset J I such that x lies in the finite- 
dimensional *-subalgebra 

Aj := lm{b*^ ■ ■ ■ b*bi, ■■■h^:Q^p,q^\J\, {ii, . . . ,ip] & >), {ji, • • • ,ij G J^")} C A^, 

where J^^^ denote the set of subsets of J with cardinality p et cetera. Consequently, A is an AF 
algebra and Aq contains its square roots. 

Proof. By employing the anti-commutation relations (|4.ip , any finite product of terms from the 
generating set {bi,b* : i £ 1} may be reduced to a linear combination of words of the form 

f^n---bjM---h^, (4.2) 

where ii, . . . , ip are distinct elements of I, as are ji, . . . , jg, and p, q G Z+, with an empty 
product equal to 1. As every element of is a finite linear combination of such terms, the first 
claim follows. The second claim holds by Remark 13. 101 □ 

Definition 4.5. Let {cxij : i,j G 1} C C be a fixed collection of amplitudes. We may view 
(/, {oij '. i,j G I}) as a weighted directed graph, where I is the set of vertices, an edge exists 
from i to j if aij ^ and Oij is a complex weight on the edge from vertex i to vertex j, which 
may differ from the weight aj^i from j to i. 

For alH G /, let 

supp(i) := {j G / : Uij ^ 0} and supp^(z) := supp(i) U {i}. 

Thus supp(i) is the set of sites with which site i interacts and | supp(i)| is the valency of the 
vertex i. We require that the valencies are finite: 

I supp(i)| < oo for all i £ L (4-3) 
The transport of a particle from site i to site j with amplitude Oij is described by the operator 

ti j . — Ciiij bjbi. 

Definition 4.6. Let {rji : i G /} C M be fixed. The total energy in the system is given by 

h ■.= ^riib*bi, 

i€l 

where r]i gives the energy of a particle at site i. If the set {i G I : rji ^ 0} is infinite then 
the proper interpretation of h involves issues of convergence; below it will only appear in a 
commutator with elements of which is sufficient to give a well-defined quantity. 
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Lemma 4.7. Let 

Tij{x) := t*j[tij,x] + [x,tlj]tij = \aij\'^{b*bj[b*bi,x] + [x,b*bj]b*bi) 
for all i, j G I and x & A, and let 

[h,x]■.= Y,V^[b*b^,x] (4.4) 

i£l 

for all X G ^o- Setting 

t(x) :=i[/i,x]-i ^Tij(x) (4.5) 
defines a * -linear map t : Aq ^ Aq. 

Proof. Let x G and note that x € Aj for some finite set J ^ /, by Lemma [4. 4[ Furthermore, 
[b*bi,x] = b*{bi,x} — {b*,x}bi = whenever i J and j J, 

so 

[/i,x] = ^?7i[6*6i,x] G .Aj and t{x) = i[h, x] - ^ ^ rij(x) G 

where 

J+ := y supp+(A:). (4.6) 

Hence t{Aj) C and, as ()4.3p imphes that J"^ is finite, it follows that is invariant 

under r. The *-linearity of r is immediately verified. □ 

Lemma 4.8. Let 

Si,jix) := [tij,x] = aij{b*bix - xb*bi) 

for all i, j £ I and x G A, and let k be a Hilbert space with orthonormal basis {fij : i,j £ I}. 
Setting 

S{x):=Y,kji^)^\kj) (4-7) 

for all X £ Aq defines a linear map 6 : ~^ -^0 ® |k) such that 

5{xy) = 6{x)y + {x ^ lk)5{y) (4.8) 

and 5\x)5{y) = T{xy) — T{x)y — xT{y) (4-9) 
for all X, y £ Aq, where r is as defined in Lemma\4^'. 
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Proof. The series in (|4.7|) contains only finitely many terms, since if x £ Aj then 

= when {i,j} ^ J"*". 

Hence S is well defined, and ()4.8p holds because each 6ij is a derivation. A short calculation 
shows that 

n,j{xy) - Tij{x)y - xTijiy) = -'^4,ji^)^i,jiy) (4-10) 
for all X, y £ A. Since x i— )• [b*bi,x] is a derivation for all i € /, it follows from ()4.10p that 

T{xy) - T{x)y - XT{y) = ^ 5\ -{x)5i^j{y) = 5\x)5{y) for all x,y G A. □ 



Lemma 4.9. T/ie map 



: Aq ^ Aq ® B] X H> 



(5(j;) 



where r, 5 anrf 5^ are as defined in Lemmas \4- 7| anti |^.($[ , is a /Zow; generat 
If the amplitudes satisfy the symmetry condition 



or. 



\a 



Wj,i\ for all i,j £ I 



then, for all n gN and iq £ I, 

0n(&io) = 



ilGsupp+(io) i„Gsupp+(i„_i) 



tn— 1 ; 



where 
and 

for all i, j £ I. 



Bij := lj=iXi\uj){uj\ + \uj){aijfij\ - \aj^ifj^i){u\ 

Xi := -iTji -\ |aj-ip 

iesupp(j) 



Proof. The first claim is an immediate consequence of Lemmas 14.71 14.81 and 12.2 
If i, J, k £ I then a short calculation shows that 

(i = i,k = i), 



Tj,k{bi) = < 



\ai,k?bkblbi {j = i,k^i), 
(j^i,k^i). 



(4.11) 



(4.12) 



(4.13) 
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Since 

[h,bi] = '^■i]j[b*bj,bi] = rii[b*bi,bi] = -r]ibi, 

the symmetry condition (|4.12|) implies that 

r(6j) = Xibi for all i £ I. 

Furthermore, if i, j, k € I then 

Sj,k{bi) = aj^k{blbjbi - hblbj) = -aj,fc{6^, 6i}6j = -lk=iaj^ibj 



and 
thus 

and 

Hence 



^],k(^i) = Oij,k{^ibjbk - bjbkh) = aj^k{bi,b*}bk = lj=iai^kbk] 
5{bi) = ^ 6j^k{bi) ® \ fj,k) = - XI "j'* ^ l'^-?'^^ 

j,k£l jesupp(i) 
j,k£l A;gsupp(j) 



jr'Gsupp(i) fcGsupp(i) 

= ^ ® (lj=Ad'^)(w| + |a;)(aij/jj| - |aj,i/j-,j)(cj|) 
igsupp+(j) 

and the identity (j4.13p follows. □ 



Theorem 4.10. Let A be the CAR algebra and let <f) be defined as in Lemma \4-!^ If the 
amplitudes {oij} and energies {ryj} are chosen so that A^j, = Aq then there exists an adapted 
family of *-homomorphisms (yjt ■ A — )• B{h (g J'))f.^Q that forms a Feller cocycle in the sense 
of Theorem \3.16\ and satisfies the quantum stochastic differential equation (jl.ip in the strong 
sense on Aq for all t 0. Setting 

Tt{a) := (ih {e{0)\)jt{a){lh (E> |e(0))) for all a € A and t ^ 

gives a conservative quantum dynamical semigroup T on A whose generator is the closure of 

T : Ao^ Ao; i'^r]i[b*bi,x] - ^ ^ {aijl"^ {b*bj[b*bi,x] + [x,b*bj]b*bi) . 

Proof. This is an immediate consequence of Theorem 13. 9| Theorem 13.161 and Lemma 14.91 □ 
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Example 4.11. Suppose that the amphtudes satisfy the symmetry condition (|4.12|) . and further 
that there are uniform bounds on the amphtudes, valencies and energies: 

M := sup |ajj| < cxd, V := sup|supp(z)| < oo and H := sup|7/j| < oo. (4.14) 
It fohows that 

\Xi\^\rii\ + \VM'^ and \\Bi^j\\ + 2M H + \V M"^ + 2M 

for ah i, j G /. Hence, for ah n S Z+, 

^ {V + ir{H + lVM^ + 2My 
and so Afj, = Aq, by CoroUarv 12.111 Hence there is a flow on A for this generator. 

Example 4.12. We can lift the boundedness assumptions in Example 14.111 bv taking / to be 
a disjoint union of subsets, 

I=[_\lk, 

such that there is no transport between any of these subsets, i.e., 

aij 7^ only if there is some k £ K such that i,j £ Ik. 

Assume the symmetry condition (|4.12p once again. Suppose that in each 1^ the conditions 
of ()4.14p are satisfied, but with respect to constants M^, Vk and Hk that depend on k. Then, 
if i G /fe, we get the estimate 

\\Mbi)\\ ^ {Vk + ir{Hk + \VkMl + 2MkY 
and so A^f, = Aq once more, but now it is possible that M = oo et cetera. 

Example 4.13. To create an example where the graph associated to / has only one component, 
but where we do not assume M < oo as in Example l4.1H assume once again that / is decomposed 
into a disjoint union: 

/ = I I /fc with < oo for all k £ Z+. 

kez+ 

This time assume, as well as the symmetry condition (j4.12p . that aij = unless there is some 
k G Z+ such that i £ Ik and j £ Ik+i, or j £ Ik and i £ Ik+i, so that there is transport only 
between neighbouring levels in /. Set 

Ofc = sup{|ajj| -.i £ Ik, j £ h+i} for ah k £ Z+, 

and furthermore assume that the energies are bounded, i.e., H < oo. 
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Now if /c G N and i £ Ik then 

^ \\BiJ\ ^ \\Bi^i\\ + ^ X] 

^ |Aj| + 2|/,fc_i|afc_i + 2|/,fc+i|afc, 
with a similar estimate holding if i G /q- Furthermore, 

|Ai| H + ^\Ik-i\al_i + ^|/fc+i|a|. 
As in Example 14. IH if it can be shown that 

iesupp+(j) 

for some constant C that does not depend on i, it follows that ||</'n(&i)|| ^ C*" for each n G Z+ 
and i £ I, and so = once more. Here, the previous working shows this will hold if there 
are constants a > 0, 6 > and p ^ 1 such that 

ak ^ „ and |4| ^ b{k + If for ah k G Z+. 

(A; + 2)P 

It is clear that this can yield an example where M = oo, i.e., there is no upper bound on the 
valencies. 



5 Flows on universal C* algebras 
5.1 The non-commutative torus 

Definition 5.1. Let A G T, the set of complex numbers with unit modulus. The non- 
commutative torus is the universal C* algebra A generated by unitaries U and V which satisfy 
the relation 

UV = XVU. 

Let ^0 denote the dense *-subalgebra of A generated by U and V. 

There is a faithful trace tr on A such that t{U^V^) = lm=n=o for all m, n £ Z; the proof of 
this in [3 pp. 166-168] is valid for all A. Consequently {JJ^V^ : m,n G Z} is a basis for ^o- 

Lemma 5.2. Let h := let 

{Ucu)m,n = Um+i,n and {Vcu)m,n = A™"Um,n+i for all u £ h and m,n £Z, 

and let Ac ^ •S(h) he the C* algebra generated by Uc and Vc. There is a C* isomorphism from A 
to Ac such that U ^ Uc and V ^Vc. Moreover, under this map the trace tr corresponds to the 
vector state given by e £ h such that em,n = lm=n=o for all m, n £ 7j. 
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Proof. Unitarity of Uc and Vc is immediately verified, as is the identity UcVc = XVcUc, so the 
universahty of A gives a surjective *-homomorphism from A to Ac- Injectivity is a consequence 
of the final observation, that tr corresponds to the vector state given by e. □ 

From now on we will identify A and Ac- 

Definition 5.3. For each (^u, u) € T^, let vr^^jy be the automorphism of A such that 

7Tf,AU""y'^) = fi"'u'^U"'V'' for ah m,neZ; 
the existence of -Kf^^i, is an immediate consequence of universality. 

The proofs of the next two lemmas are a matter of routine algebraic computation. 

Lemma 5.4. For all a, b €^ Z, define maps aS - Aq — y Aq and Si} '- Aq — y Aq by linear extension 
of the identities 



hmTTm\rh+n 



aSiV^V) = mV+'^V'' and 5b{U"'V'') = nX-'"^U'^V 



for all m,n £ 



Then aS is a iTi^xa -derivation and 5h is a TT^-b i-derivation; moreover, their adjoints are such 
that 

^^^([/^y'^) = _^A'^"C/-''+™y" and sliV^V) = -nU^'V-^^'' 
for all m, n S Z. 

Remark 5.5. The sufficient condition in Lemma 15.41 is also necessary. It is easy to show that 
if a5 is a 7r^,i,-derivation then /u = 1 and u = X"-] similarly, if 5h is a TT^^^-derivation then — A 
and u = 1. 

Lemma 5.6. With Aq as in Definition \5.1l and ^5 and 6^ as in Lemma \5.4[ fix ci, C2 G C and 

let 

t{x) Clj\x) C2^l{x) 

Cla6{x) ■Kl^xa{x)-X 
_C2h{x) 'Kx-i,l{x)-X 

where the map 



■- Ao A «)i3(C^); X ^ 



t:Aq^ Ao; W^V" ^ -i(|ci|W + |c2| V);7"^l^". 
Then r is * -linear and <j) is a flow generator - 

Lemma 5.7. Let (p be as in Lemma \5. 61 Lf a = b = then A^ = Ao; conversely, if a ^ and 
ci ^ then U ^ A(f), and ifb^O and C2 ^ then V ^ A^. 

Proof. When a = b = 0, note that (j){U) = U ® mu and (piV) = V® my, where 



mu 



Cl 





-cI 0' 





and 



my 



■\\C2? -oi 




C2 
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Hence (pn{U) = U m^" and 4>n{V) = V0 m®", so U,V € A^, as claimed, and = Aq, by 
Corollary ElU 

If a > then, by induction, one gets that 

n-l 

([/) = Jl (m + 1) ?7""+^ for all n G N. 
i=0 

Let e = [1 0]^ and / = [0 1 0]^ be unit vectors in C^, and note that 

(ih (/I ® • • • ® {f\)4>n{x){lh |e) O • • • |e)) = c" a'5"(x) for all x E Aq, 

so 

n-l 

ll0n(C/)|| ^ \cirll{ia + l) ^ Icirn!. 

1=0 

If a < then, by considering instead, we see that 

\\MU)\\ ^ \\{h(^{e\0---(^{e\)<Pn{U){lh(^\f)0---0\f))\\ ^ \cxTn\. 
A similar proof shows that V ^ A^ when 6 7^ 0. □ 

Remark 5.8. The lower bounds obtained in Lemma 15.71 when a ^ or 6 7^ show that our 
techniques do not apply in these cases. The same problem arises if one attempts to use the 
results of [9] instead. 

The following theorem gives the existence of a quantum flow used by Goswami, Sahu and Sinha 
[I2l Theorem 2.1(i)]. 

Theorem 5.9. Let A he as in Definition \5.1\ and (j) as in Lemma 15.61 for a = b = 0. There 
exists an adapted family j of unital *-homomorphisms from A to B{h (g) J^) such that 

{ue{f),jt{x)ve{g)) = {ue{f), {xv)e{g)) + {ue{f), js{(p^ll]{x))ve{g)) ds 

for all u, V £ \r\, f , g £ L'^{R^; k), x £ Aq and t ^ 0. 

Proof. This follows from Theorem \'6.12\ Lemma 15.61 and Lemma 15.71 □ 

Remark 5.10. The cocycle constructed in Theorem 15.91 is essentially a classical object: as 
noted in ^ Theorem 2.1], when ci = C2 = i one may take 

j^{x) := /3(exp(27riS/),exp(27ri5j2))(x) for all x € ^ and t ^ 0, 

where /3 : — )• Aut(^) is the natural action of the 2-torus on A, so that 

P{z,w){U"'V'') = z'^w'^U'^V for ah {z,w) E T^, 

and the Fock space F is identified in the usual manner with the L^ space of the two-dimensional 
classical Brownian motion {B^,B^). 
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The existence of flows where the generator has non-zero gauge part may also be established. 

Lemma 5.11. Fix {n^v) G with ^ 1. Let Aq be as in Definition I5.il and vr^^^ as in 
Definition 15.31 There exists a flow generator 

t{x) —fi5{x) 



: Ao Ao B{Cy, x^ 



where the -Kf^^^- derivation 



is such that 6^ = —fiS, and the map 



1 _ //"It/" 



(5.1) 



T : = 



,,(-[ _ //™7y"') 



Furthermore, U, V £ As and so As = Aq- 



Proof. Using the basis {U^V^ : m,n £ Z}, one can readily verify that 5 is a vr^^iz-derivation 
such that 6^ = —fJ,6, and hence (/> is a flow generator. Since 



1 fi-l 



and 



1 - V 



1 IJ.-1 



the fact that {U, V} C A^f) follows as in the proof of Lemma |5.7[ 



□ 



Remark 5.12. It is curious to note that for (p as in Lemma 15.111 we have r = fi{l — fj,)~^5, 
and so r is first rather than second order. Whether or not (j) or, equivalently, 6 is bounded is 
an open problem; our existence result obviates the need to determine this. 

Theorem 5.13. Let A be as in Definition \5.1\ and d> as in Lemma \5.11[ There exists an adapted 
family j of unital *-homomorphisms from A to B{h such that 

{ue{f),jt(.x)ve{g)) = {ue{f), {xv)e{g)) + [ {ue{f)Js{4>§i)(.x))ve{g))ds 



for all u, V £ h, f , g £ L^(IR+; k), x £ Aq and t ^ 0. 



As noted by Hudson and Robinson [H] , the following result makes clear why in Theorem 15.91 it 
is necessary to consider separately the derivations ciqS and 0260, rather than considering the 
sum S = ci o5 + C2 Sq. 

Proposition 5.14. Let q6 and 60 be as in Lemma \5.4\ and let 6 = cio5 + C2S0 for complex 
numbers c\ and 02- A necessary and sufficient condition for the existence of a linear map 
T : ^0 — ^ A such that 

T{xy) - T{x)y - XT{y) = 5\x)5{y) for all x,y £ Aq 

is the equality ci C2 = crc2 . 



Proof. This may be established by adapting slightly the proof of [22t Theorem 2.2]. 



□ 
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5.2 The universal rotation algebra 

To avoid the issue of Proposition 15.141 Hudson and Robinson work with the universal rotation 
algebra. 

Definition 5.15. Let A be the universal rotation algebra [2]: this is the universal C* algebra 
with unitary generators U, V and Z satisfying the relations 

UV = ZVU, UZ = ZU and VZ = ZV. 

It may be viewed as the group C* algebra corresponding to the discrete Heisenberg group 

r := {u, v,z \ UV = ZVU, UZ = zu, vz = zv) ; 

from this perspective, its universal nature is immediately apparent. 

Letting denote the *-subalgebra generated by U , V and Z, there are skew-adjoint derivations 

<5i : A ^ A; V^V^ZP ^ mV^VZP and 82 ■ Aq ^ Aq] U'^V'ZP ^ nU'^VZP 
for all m, n, p £ TL. 

Remark 5.16. For a concrete version of the universal rotation algebra, let h := ^^(Z^) and 
define operators Vc-, Vc and Zc by setting 



{UcU)rn,n,p — '^m+l,n,pi (^^)m,,n,p — '^m,n+l,m+p and (•^c'u)m,n,p 



U 



m,n,p+l 



for all u G h and m, n, p G Z. It is readily verified that Uc, Vc and Zc are unitary and satisfy 
the commutation relations as claimed; let Ac be the C* algebra generated by these operators. 

Universality gives a surjective *-homomorphism from A to Ac such that U ^ Uc-, V ^ Vc and 
Z I—)- Zc, and injectivity may be established in the same manner as for the non-commutative 
torus: there is a faithful state r on ^ such that t{U'^V^ Z^) = lm=„=p=o and this corresponds 
to the vector state given by c G h such that e^^^^p — '^rn=n=p=Q' 

Lemma 5.17. With Aq, 5i and 82 as in Definition \5.15\ fix ci, C2 G C, let 5 = ci5i + C262 O'^d 
define the Bellissard map 

t:Ao^ Ao; U'^VZP ^ -(llcipm^ + 1 jcspn^ + clcsmn + (cTca - cic^)p)U"'V'' ZP , 

Then r is * -linear and such that 

T{xy) - T{x)y - XT{y) = 5\x)5{y) for all x,y £ Aq, 

so the map 

(f). Ao-^ Ao (E> B{C'^); x ^ 



t{x) 6^x) 
6{x) 



is a flow generator. 

Furthermore, U, V, Z £ A(p and As = Aq- 
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Proof. The algebraic statements are readily verified, and a short calculation shows that 
(j)(U) = U0mu, (j){V) = V my and </>(Z) = Z m^, 

where 

ClC^ - 0^02 



mu 



Hence 



-i|CiP -Cl 

ci 



my 



4|C2P -C2 
C2 



and 







= ;7®m®", 0„(y) = y0m®" and = Z m|" 

for all n € Z+, so f/, F, Z E and A^j, = Aq, by Corollary 12.111 



□ 



The following theorem is an algebraic version of the result presented by Hudson and Robinson 
in [m Section 4]. 



Theorem 5.18. Let A be as in Definition \ 5.15\ and (j) as in Lemma 5.17 There exists an 
adapted family j of unital *-homomorphisms from A to B{h (g) J^) such that 

{ue{f),jt{x)v£{g)) = {ue{f),{xv)e{g)) + / {ue{f),js{(l)§(ll{x))ve{g))ds 



for all u, V e h, f , g e L^(]R+; k), x e Aq and t ^ 0. 



□ 
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